Abstract. We study algebraic and geometric properties of the automorphism group of universal Coxeter group of rank n ≥ 4, Aut(Wn). In particular, we prove that whenever Aut(Wn) acts by isometries on complete d-dimensional CAT(0) space with d < ⌊ n 2 ⌋, then it must fix a point. We also prove that Aut(Wn) does not have Kazhdan's property (T) and is not amenable. Further, strong restrictions are obtained on homomorphisms of Aut(Wn) to groups that do not contain a copy of Sym(n).
Introduction
In this article we begin to explore the structure of the automorphism group of universal Coxeter group of rank n, Aut(W n ) := Aut(Z 2 * . . . * Z 2 ). For small n we have: Aut(W 1 ) ∼ = {id} and Aut(W 2 ) ∼ = W 2 . It was proven by Mühlherr that for n ≥ 3 there exists an injective homomorphism Aut(W n ) ֒→ Aut(F n−1 ), where F n−1 is a free group of rank n − 1, see [12] .
Further, the abelianization map F n−1 ։ Z n−1 gives a natural epimorphism Aut(F n−1 ) ։ GL n−1 (Z). We obtain the following interaction of groups:
Aut(W n ) ֒→ Aut(F n−1 ) ։ GL n−1 (Z).
As a special case, we have:
Out(W 3 ) ∼ = Out(F 2 ) ∼ = GL 2 (Z).
Our work on Aut(W n ) is motivated by the idea that Aut(W n ), Aut(F n−1 ) and GL n−1 (Z) should have many properties in common.
We start to present analogies concerning fixed point properties of these groups. A group G is said to have property FA d if any action of G by isometries on complete CAT(0) space of covering dimension d has a fixed point. We prove Theorem A. If n ≥ 4 and d < n 2 , then Aut(W n ) has property FA d . Concerning Aut(F n−1 ) and GL n−1 (Z) similar results were proved in [17] . Recall that a group G is said to satisfy Serre's property FA if every action, without inversions, of G on a simplicial tree has a fixed point. Serre proved that GL n (Z) has property FA for n ≥ 3. Regarding Aut(F n ) Bogopolski was the first to prove that this group also has property FA, see [4] . The next corollary follows immediately by Theorem A.
Corollary B. The group Aut(W n ) has Serre's property FA iff n = 1 or n ≥ 4.
Finite index subgroups of GL n (Z) have property FA, this follows from the fact that GL n (Z) has Kazhdan's property (T), and property (T) descends to finite index subgroups. For Aut(F n ) this is an open question, see Question 11 in [7] . In the case of Aut(W n ) we prove:
Theorem C. For n ≥ 2, there exists a subgroup Spe(W n ) in Aut(W n ) with index n! and this group doesn't have property FA. Hence Aut(W n ) and Spe(W n ) don't have Kazhdan's property (T). We want to remark, that Kazhdan's property (T) for outer automorphism groups of right-angled Coxeter groups was studied in [14, Cor. 3] .
Concerning amenability of Aut(W n ) we prove:
Our results concerning linear and free representations of Aut(W n ) proceeds via the following result.
Theorem E. For n ≥ 4, let φ : Aut(W n ) → G be a group homomorphism. If G does not contain an isomorphic image of Sym(n), then the image of φ is finite. In particular, if n ≥ 5 then the image has cardinality at most 4.
It is known that if d < n then any homomorphism from GL n (Z) to GL d (Z) has image of cardinality an most 2. The analogous statement for Aut(F n ) is proved in [6] . Concerning maps from Aut(W n ) to Aut(W d ) we obtain the following result.
We shall show that the homomorphism
is minimal in the following sense.
Similar results concerning Aut(F n ) were proved in [18] . Regarding free representations of Aut(W n ) we prove:
The group W n has many 'nice' properties, then one may expect that Aut(W n ) to have analagous. We wank to remark:
Remark. The group Aut(W n ) is residually finite and Hopfian.
2.
A generating set of Aut(W n ) Let (W n , S n ) be universal Coxeter system of rank n, i.e S n is a set {s 1 , . . . , s n } and the group W n is given by the following presentation W n = S n | s 2 1 , . . . , s 2 n . By Aut(W n ) we denote the automorphism group of the group W n .
The purpose of this section is to give a generating set of the group Aut(W n ) for n ≥ 2. Let us first introduce a notation for some elements of Aut(W n ). We define the partial conjugations σ ij and permutations α π for 1 ≤ i = j ≤ n and π ∈ Sym(n) as follows:
It was proven by Mühlherr in [12, Theorem B]) that for n ≥ 2 the group Aut(W n ) is generated by the set {α π , σ ij | π ∈ Sym(n), 1 ≤ i = j ≤ n} . The subgroup generated by {α π | π ∈ Sym(n)} is isomorphic to Sym(n). It is well known result that this group is generated by the involutions (i, i + 1) with i = 1, . . . , n − 1. Hence the group Aut(W n ) is generated by the set
Further we have the following relations:
Therefore we obtain the following generating set for Aut(W n ): . . .
Further, the subgroup of Aut(W n ) generated by σ 12 , α (i,i+1) | i = 2, . . . , n − 1 is finite.
Proof. The elements in Y are involutions. We define a homomorphism f : G → Aut(W n ) as follows:
) and σ 12 → σ 12 . This map is well-defined and surjective. The subgroup of G generated by {σ 12 , (i, i + 1) | i = 2, . . . , n − 1} is a Coxeter group of type B n−1 and is therefore finite. The subgroup of Aut(W n ) generated by σ 12 , α (i,i+1) | i = 2, . . . , n − 1 is the image of the subgroup generated by {σ 12 , (i, i + 1) | i = 2, . . . , n − 1} under f and therefore also finite.
Free representation of Aut(W n )
Let us consider the map ǫ : W n → {−1, 1} which sends each generator s i to −1. Mühlherr proved in [12] that the kernel of ǫ is a characteristic subgroup of W n and it is isomorphic to F n−1 . Further the set {x i := s i s i+1 | i = 1, . . . , n − 1} is a basis of F n−1 and the natural map
is for n ≥ 3 a monomorphism. An easy calculation yields: Definitions and properties concerning CAT(0) spaces can be found in [5] . We need the following crucial definition. (i) A group G has Serre's property FA if any simplicial action without inversions on a simplicial tree has a fixed point.
(ii) A group G has property FA d if any isometric action on a complete CAT(0) space of covering dimension d has a fixed point.
Our main technique in the proof of Theorems A is based on the following criterion, see [17] for the proof. (i) The group G has a global fixed point.
(ii) Each orbit of G is bounded.
(iii) The group G has a bounded orbit. If the group G satisfies one of the conditions above, then G is called bounded on X.
The implications i) ⇒ ii) and ii) ⇒ iii) are trivial, and iii) ⇒ i) is proven in [5, II 2.8].
The following corollary is standard consequence of Proposition 4.2.
Corollary 4.3. Let G 1 , G 2 be groups, X a complete CAT(0) space and
homomorphisms. If G 1 and G 2 are bounded on X and
is a homomorphism and G 1 × G 2 is bounded on X.
For the proof of Theorem A we need one more ingredient. (1) Y ′ = σ 12 , α (1, 2) , α (2, 3) , α (3,4) , . . . , α (k,k+1) , (2) Y ′ = σ 12 , α (2, 3) , α (3, 4) , α (5, 6) , . . . , α (k+1,k+2) .
If Y ′ is equal to σ 12 , α (1, 2) , α (2, 3) , α (3,4) , . . . , α (k,k+1) , then we define the permutations
and the sets
. The sets S 1 , . . . , S ⌊ n k+1 ⌋ have the property that [S i , S j ] = 1 for i = j. By the assumption each k-element subset of Y ′ has a fixed point and it follows from Corollary 4.4 that for d < k n k+1 the set Y ′ has a fixed point. An easy calculation shows, that
By Farb's Fixed Point Criterion it follows that Aut(W n ) has a global fixed point.
Proof. For n = 1 we have Aut(W 1 ) ∼ = {id} and hence this group has property FA. For n = 2 the group W 2 is the infinite dihedral group and by [ 
and this group does not have property FA, see [4] . By Theorem A Aut(W n ) has property FA for n ≥ 4.
We want to remark, that N. Leder proved in his thesis with other methods that for k ≥ 2 and n ≥ 4 the automorphism group of a free product on n factors of Z k , denoted by Aut(Z * n k ), has property FA, see [10] .
The next question we want to investigate is: do subgroups of finite index in Aut(W n ) have property FA?
Let G be any group. Then the group of its automorphisms acts on the conjugacy classes of involutions of G. The kernel of this action is called the group of special automorphisms and denoted by Spe(G), it contains the group of inner automorphisms, denoted by Inn(G). For universal Coxeter group W n there are n conjugacy classes of involutions, and we have Aut(W n )/Spe(W n ) ∼ = Sym(n).
Theorem C. For n ≥ 2, the group Spe(W n ) doesn't have property FA. Hence Aut(W n ) and Spe(W n ) don't have Kazhdan's property (T).
Proof. Let π : W n ։ W 2 be the projection by sending s 1 → s 1 , s 2 → s 2 and s i → 1 for i ≥ 3. The kernel of π is characteristic under Spe(W n ). Therefore we obtain the following map Ψ : Spe(W n ) → Spe(W 2 ) which is surjective. Since Spe(W 2 ) = σ 12 , σ 21 ∼ = W 2 , see [13] , this group doesn't have property FA, therefore Spe(W n ) also doesn't have property FA. By the result of Watatani [19] follows that Spe(W n ) doesn't have property (T). Since property (T) descends to finite index subgroups it follows that Aut(W n ) doesn't have property (T) either.
If a group does not have property (T) it is natural to ask if this group is amenable. Concerning the group Aut(W n ) we prove:
Proof. For n = 1, 2 we have: For n ≥ 3 let us consider the monomorphism ι : Aut(W n ) → Aut(F n−1 ) again. We denote by g x i ∈ Inn(F n−1 ) the conjugation with x i for i = 1, . . . , n − 1. We have: 
Hence F 2 is a subgroup of Aut(W n ). By [2, G.3.5] follows that Aut(W n ) is not amenable.
Actions of Aut(W n ) on other spaces
Let us first prove the following result.
Theorem D. For n ≥ 4, let φ : Aut(W n ) → G be a group homomorphism. If G does not contain an isomorphic image of Sym(n), then the image of φ is finite. In particular, if n ≥ 5 then the image of φ has cardinality at most 4.
Proof. We denote by Σ n = {α π | π ∈ Sym(n)} ⊆ Aut(W n ) and by
We have Σ n ∼ = Sym(n) and A n ∼ = Alt(n). Let K be the kernel of φ |Σn . Since n ≥ 4 and K = 1, we must have A n ⊆ K or K = id, α (12)(34) , α (13)(24) , α (14)(23) . If A n ⊆ K, then we consider the following generating set of Aut(W n ):
α π , α (1, 2) , σ 34 | π ∈ Alt(n) .
Hence the image of φ is generated by φ(α π ), φ(α (1,2) ), φ(σ 34 ) | π ∈ Alt(n) .
Since A n ⊆ K, we have φ(Aut(W n )) = φ(α (1,2) ), φ(σ 34 ) . The elements α (1, 2) and σ 34 are commuting involutions, therefore φ(Aut(W n )) ⊆ Z 2 × Z 2 .
If K = id, α (12)(34) , α (13)(24) , α (14)(23) , then n = 4 and we consider the following generating set of Aut(W 4 ): K, α (2, 3) , α (3, 4) , σ 12 . The image of φ is generated by φ(α (2,3) ), φ(α (3,4) ), φ(σ 12 ) . By Corollary 2.2 the subgroup of Aut(W 4 ) generated by α (2, 3) , α (3, 4) , σ 12 is finite. Hence the image of φ is also finite.
We have Aut(W n ) ⊆ Aut(F n−1 ) and Sym(n + 1) Aut(F n−1 ), see proof of Theorem A in [6] . With this observation and Theorem D we obtain the following result.
Corollary F. For n ≥ 4, let φ : Aut(W n ) → Aut(W d ) be a homomorphism. If d < n, then the image of φ is finite.
We shall show that the homomorphism Aut(W n ) ֒→ Aut(F n−1 ) → GL n−1 (Z) ֒→ GL n−1 (R) is minimal in the following sense.
Corollary F. For n ≥ 4, let ρ : Aut(W n ) → GL d (K) be a linear representations over field K. If d < n − 1 and char(K) = 0 or char(K) ∤ n, then the image of ρ is finite.
